Topological vacuum bubble by anyon braiding by Han, Cheolhee et al.
Topological Vacuum Bubbles by Anyon Braiding
Cheolhee Han,1 Jinhong Park,1 Yuval Gefen,2 and H.-S. Sim1, ∗
1Department of Physics, Korea Advanced Institute of Science and Technology, Daejeon 305-701, Korea
2Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot, 76100 Israel
(Dated: October 21, 2018)
According to a basic rule of fermionic and bosonic many-body physics, known as the linked
cluster theorem, physical observables are not affected by vacuum bubbles, which represent virtual
particles created from vacuum and self-annihilating without interacting with real particles. Here,
we show that this conventional knowledge must be revised for anyons, quasiparticles that obey
fractional exchange statistics intermediate between fermions and bosons. We find that a certain
class of vacuum bubbles of Abelian anyons does affect physical observables. They represent virtually
excited anyons which wind around real anyonic excitations. These topological bubbles result in a
temperature-dependent phase shift of Fabry-Perot interference patterns in the fractional quantum
Hall regime accessible in current experiments, thus providing a tool for direct and unambiguous
observation of elusive fractional statistics.
When two identical particles adiabatically exchange
their positions ri=1,2, their final state ψ (up to dynamical
phase) is related to the initial one through an exchange
statistics phase θ∗,
ψ(r2, r1) = e
iθ∗ψ(r1, r2), (1)
with θ∗ = 0 (pi) for bosons (fermions) [1].
Anyons [2–4] are quasiparticles in two dimensions
(2D), not belonging to the two classes of elementary par-
ticles, bosons and fermions. Abelian anyons appear in
the fractional quantum Hall (FQH) system of filling fac-
tor ν = 1/(2n + 1), n = 1, 2, · · · . They carry a fraction
e∗ = νe of the electron charge e, and obey fractional ex-
change statistics, satisfying Eq. (1) with θ∗ = ±piν. Two
anyons gain a phase ±2piν from a braiding whereby one
winds around the other; ± depends on the winding di-
rection. While fractional charges have been detected [5–
8], experimental measurement of statistics phase piν has
been so far elusive. Existing theoretical proposals for
the measurement involve quantities inaccessible in cur-
rent experiments, or suffer from unintended change of a
proposed setup with external parameters [9–18].
In many-body quantum theory [1], Feynman diagrams
are used to compute the expectation value of observables.
This approach invokes vacuum bubble diagrams, which
describe virtual particles excited from vacuum and self-
annihilating without interacting with real particles. Ac-
cording to the linked cluster theorem [1], each diagram
possessing vacuum bubbles comes with, hence is exactly
canceled by, a “partner” diagram of the same magnitude
but of the opposite sign. Consequently, vacuum bubbles
do not contribute to physical observables.
In the following, we demonstrate that this common
wisdom has to be revised for anyons: A certain class of
vacuum bubbles of Abelian anyons does affect observ-
ables. These virtual particles, which we call “topological
vacuum bubbles”, wind around a real anyonic excitation,
gaining the braiding phase ±2piν. We propose a realistic
setup for detecting them and θ∗ = piν.
FIG. 1: Topological vacuum bubble. Feynman diagrams
for interference involving a real particle and a virtual particle-
hole excitation from vacuum. Full (empty) circles represent
particles (holes). Solid (dashed) lines denote propagations of
real (virtual) particles. (a) Diagram for the interference a1a
∗
2
of two processes: (a1, blue) A real particle propagates, a vir-
tual particle-hole pair is excited, then the pair self-annihilates
after the virtual particle winds around the real one. (a2,
darkmagenta) A real particle propagates. The entire virtual
process constitutes a vacuum bubble. For anyons, the bub-
ble gains a topological braiding phase 2piν from the winding.
(b) “Partner” diagram of (a). Here a virtual particle, con-
stituting another bubble, does not encircle a real one, hence,
gains no braiding phase. The diagrams (a) and (b) contribute
to observables for anyons, while they do not for bosons and
fermions.
Results
Topological Vacuum bubble. We illustrate topo-
logical vacuum bubbles. In Fig. 1a, a Feynman diagram
represents interference a1a
∗
2 between processes a1 and a2
of propagation of a real particle. In a1, a virtual particle-
hole pair is excited then self-annihilates after the virtual
particle winds around the real particle, forming a vac-
uum bubble, while it is not excited in a2. The wind-
ing results in a braiding phase 2piν and an Aharonov-
Bohm phase 2piΦ/Φ∗0 from the magnetic flux Φ enclosed
by the winding path, contributing to the interference sig-
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2nal as ei(2piΦ/Φ
∗
0+2piν); Φ∗0 = h/e
∗ is the anyon flux quan-
tum [9, 19].
The limiting cases of bosons (ν = 0) and fermions
(ν = 1) imply that this bubble diagram appears together
with, and is canceled by, a partner diagram in Fig. 1b.
The partner diagram has a bubble not encircling the real
particle, and involves only 2piΦ/Φ∗0. The two diagrams
(and their complex conjugates) yield
Interference signal ∝ Re[ei(2piΦ/Φ∗0+2piν) − e2piiΦ/Φ∗0 ]
= − sin(piν) sin(2piΦ/Φ∗0 + piν). (2)
For bosons and fermions, the two diagrams fully can-
cel each other with sin(piν) = 0 in agreement with the
linked cluster theorem, hence, the signal disappears. By
contrast, for anyons, they cancel only partially, produc-
ing the nonvanishing interference in an observable, and
are topological as the braiding phase is involved.
Interferometer setup. In Fig. 2a, we propose a
minimal setup for observing topological vacuum bub-
bles. It is a Fabry-Perot interferometer [9, 17, 20–23]
in the ν = 1/(2n + 1) FQH regime, coupled to an ad-
ditional edge channel (Edge 1) via QPC1. At QPCi,
there occurs tunneling of a single anyon (rather than
anyon bunching), fulfilled [24] with γi  kBT ; γi is
the tunneling strength and T is temperature. Gate volt-
age VG is applied, to change the interferometer loop en-
closing Aharonov-Bohm flux Φ. The interference part
I intD3 of charge current at drain D3 is measured with
bias voltage V applied to source S1; the other Si’s and
Di’s are grounded. Together with “virtual” (thermal)
anyon excitations in the interferometer, a voltage-biased
“real” anyon, dilutely injected at QPC1 from Edge 1 to
the interferometer, forms topological vacuum bubbles, as
shown below. The bubbles contribute to I intD3 at the lead-
ing order (I intD3 ∝ γ21γ2γ3) in QPC tunneling, since Edges
2 and 3 are unbiased. Note that in the setups previously
studied [9–18], topological bubbles do not contribute to
current at the leading order.
We consider the regime of e∗V  kBT & ~vp/L, where
the size LV ≡ ~vp/(e∗V ) of the dilutely injected anyons
is much smaller than interferometer size L and the injec-
tion of hole-like anyons at QPC1 is ignored; vp is anyon
velocity along the edges and e∗V should be much smaller
than the FQH energy gap. Because of the dilute injec-
tion and LV  L, anyon braiding is well defined in the
interferometer. As shown below, the dependence of I intD3
on Φ or on VG provides a clear signature of the topolog-
ical bubbles, consequently, θ∗ = piν in both of the pure
Aharonov-Bohm regime (where Coulomb interaction of
the edge channels with bulk anyons localized inside the
interferometer loop is negligible) and the Coulomb dom-
inated regime (where the interaction is strong) [22, 25].
Below, we first ignore bulk anyons.
Interference current. Employing the chiral Lut-
tinger liquid theory [26, 27] for FQH edges and Keldysh
FIG. 2: Interferometry for detecting topological vac-
uum bubbles. (a) In the setup, anyons move (see arrows)
along fractional quantum Hall (FQH) edge channel i = 1, 2, 3
that connects source Si and drain Di, and jump (dashed) be-
tween the channels via tunneling at quantum point contacts
(QPCs). The loop defined by Edges i = 2, 3, QPC2, and
QPC3 encloses magnetic flux Φ, forming a Fabry-Perot inter-
ferometer. Distance between QPC2 and QPC3 (QPC1) is L
(d). (b) Two interfering paths (i) and (ii) of each main in-
terference process at e∗V  kBT & ~vp/L. Following Fig. 1,
filled (empty) circles represent particle-like (hole-like) anyons,
and solid (dashed) lines denote propagation of an anyon in-
jected from S1 (anyon-pair excitation at QPCs). Type II and
III processes involve a topological vacuum bubble.
Green’s functions [10, 12], we compute I intD3 (∝ γ21γ2γ3)
at the leading order in γ’s. There are four types of the
processes mainly contributing to I intD3 ' II-1D3 + II-2D3 +
IIID3 + I
III
D3
; see Fig. 2b. For e∗V  kBT  ~vp/L,
we obtain the analytical expression of I intD3 : The in-
terference current contributed by Type I-1 processes is
II-1D3 ∝ V ν−2T 1−νg(V, T ) cos(2piΦ/Φ∗0 + e∗V L/~vp), that
by Type I-2 is II-2D3 ∝ V −1g(V, T )(sin2 piν) cos(2piΦ/Φ∗0),
and those by Type II and III are
IIID3 ' g(V, T )
2L+ C(ν)LT
~vp
(sin2 piν) cos(2piΦ/Φ∗0 + piν),
(3)
IIIID3 ' g(V, T )
C(ν)LT
~vp
(sin2 piν) cos(2piΦ/Φ∗0 − piν), (4)
3where g(V, T ) ∝ γ21γ2γ3(V T )2ν−1e−2L/LT , e−2L/LT is
a thermal suppression factor, thermal length LT ≡
~vp/(piνkBT ), and C(ν = 1/3) ' 0.43; see the Supple-
mentary Note 3.
Type I-1 processes describe interference between two
paths of an anyon moving from S1 to D3 via (i) QPC2 and
(ii) QPC3, respectively. They were previously studied [9].
In Type I-2, an anyon injected from S1 interferes with
a particle-like anyon excited at a QPC, or annihilates
a hole-like anyon; particle-like and hole-like anyons are
pairwise excited thermally at QPCs. For example, con-
sider the two following interfering histories: (i) An anyon
is injected from S1 to D2, an anyon pair is excited at
QPC3, and then the particle-like (hole-like) anyon of the
pair moves to D3 (D2). (ii) An anyon is injected from S1
to D3 via QPC2 without any excitations. The hole-like
anyon annihilates the injected anyon on Edge 2 in his-
tory (i), and the particle-like anyon of (i) interferes with
the injected anyon of (ii) on Edge 3. The sum of such
interference processes yields II-2D3 ∝ sin2 piν cos(2piΦ/Φ∗0).
The sin2 piν factor appears because relative locations of
anyons on Edge 2 or 3 differ between the processes, lead-
ing to an exchange phase ±piν, and because a process
with an excitation (of a particle-like anyon moving to D2
and a hole-like one to D3) yields charge current in the
opposite direction to another with its particle-hole con-
jugated excitation (of a particle to D3 and a hole to D2).
In Types II and III, a “real” anyon injected from
S1 moves to D2, and a “virtual” anyon pair excited at
QPC2 interferes with another at QPC3. The interfer-
ence path effectively encloses the real anyon, forming
a topological vacuum bubble; cf. Fig. 1. In Type II,
when the real anyon is located on Edge 2 between QPC2
and QPC3, a virtual pair is excited at QPC2 in his-
tory (i), and at QPC3 in history (ii). Then the hole-
like (particle-like) anyon of each pair moves, for example,
to D2 (D3). The interference of the two histories corre-
sponds to the winding of a virtual anyon around the real
one and Φ, forming a topological bubble with interfer-
ence phase ±(2piΦ/Φ∗0 +2piν); ± depends on whether the
hole-like anyon moves to D2 or D3. In the interference,
the winding of a virtual anyon around the real one ef-
fectively occurs through the exchanges of the positions
of the anyons in each of Edges 2 and 3, as relative lo-
cations of anyons on Edges 2 and 3 differ between (i)
and (ii); see Supplementary Figure 2 and Supplementary
Note 6. This interference is accompanied by a partner
process. The latter has a bubble that winds around Φ
(gaining phase ±2piΦ/Φ∗0), but not around a real anyon.
The two partner processes partially cancel each other,
yielding IIID3 ∝ sinpiν cos(2piΦ/Φ∗0 + piν); the remaining
sinpiν factor in Eqs. (3) and (4) has a similar origin to
the sin2 piν factor of II-2D3 .
In Type III, the two interfering histories are: (i) A
virtual pair is excited at QPC2 before a real anyon in-
jected from S1 arrives at QPC2, and (ii) another pair
is excited at QPC3 after the real one arrives at QPC3.
The ensuing chronological sequence on Edge 2 is oppo-
site to Type II: An anyon excited at QPC2 arrives at
QPC3; the real one arrives at QPC3; a pair is excited
at QPC3. The resulting topological bubble effectively
winds around the real anyon in the direction opposite to
its winding around Φ, yielding a phase ±(2piΦ/Φ∗0−2piν).
Partial cancellation of the bubble and its partner leads
to IIIID3 ∝ sinpiν cos(2piΦ/Φ∗0−piν). The factor 2L+CLT
of IIID3 (CLT in I
III
D3
) in Eq. (3) (Eq. (4)) comes from the
time window compatible with the chronological sequence
on Edge 2.
Type II and III processes of topological bubbles do not
affect any observables at ν = 1 (fermions), due to full
cancellation between partner bubbles (the linked cluster
theorem). They are distinct from I-2. I-2 processes pro-
duce, e.g., nonvanishing current noise 〈(I intD3 − 〈I intD3 〉)2〉
at ν = 1, as the particle-hole conjugated excitations
(mentioned before) equally contribute to the noise (while
the contributions of the conjugations to II-2D3 cancel each
other, leading to II-2D3 = 0).
In the more general regime of e∗V  kBT & ~vp/L,
we employ the parametrization
I intD3 ∝ cos(2piΦ/Φ∗0 + θ). (5)
The phase θ is determined by competition between the
various contributions to I intD3 and contains information
about statistics phase piν. At e∗V  kBT & ~vp/L,
IIID3 + I
III
D3
is much larger than II-1D3 + I
I-2
D3
and dominates
I intD3 , because the interfering anyon of Types I-1 and I-2
is voltage biased and has width LV ∝ V −1 much nar-
rower than the thermal anyon excitations (whose width
LT ∝ T−1) of II and III, showing much weaker interfer-
ence. From IIID3 and I
III
D3
, we find
θ ' arctan[ L
L+ C(ν)LT
tan(piν + (1− 2ν) arctan 2LV
LT
)]
(6)
→ arctan[ L
L+ C(ν)LT
tanpiν] as T/V → 0
→ piν as LT /L→ 0 and T/V → 0.
The arctan 2LV /LT term represents an error in the braid-
ing phase 2piν of the topological bubbles. It occurs when
the size LV of a real anyon is not sufficiently smaller
than the winding radius of a virtual anyon around the
real one. It is negligible at e∗V  kBT , since the radius
is effectively large when LV  LT ; those corresponding
to the error are ignored in Eqs. (3) and (4), and found in
Supplementary Note 3. For e∗V  kBT  ~vp/L, IIID3
dominates I intD3 and θ → piν. Remarkably, θ depends on
T , contrary to common practice in electron interferome-
try [28].
Coulomb dominated regime. In experimental sit-
uations of a Fabry-Perot interferometer in the FQH
4FIG. 3: Detection of anyon phase piν from interfer-
ence phase shift θ. (a) Dependence of I intD3 (blue, normal-
ized) and I intRef, D3 (darkcyan, normalized) on Φ in the pure
Aharonov-Bohm regime (left panel) and their dependence on
VG in the Coulomb dominated regime (right). We choose
ν = 1/3, T = 30mK, e∗V = 45µeV, L = 3µm, and vp = 104
m s−1 (L/LT = 1.2 and L/LV = 20); see Supplementary Note
5 for the Coulomb-interaction parameter of the regimes. For
these parameters, the phase shift θ between I intD3 and I
int
Ref, D3
is 0.9piν. (b) Dependence of θ on T . The same parameters
(except T ) with (a) are chosen. θ → piν as T increases (yet
e∗V  kBT  ~vp/L). In both the pure Aharonov-Bohm
regime and the Coulomb dominated regime, the same numer-
ical result (blue curve) of θ(T ), which agrees with Eq. (6)
(darkmagenta), is obtained.
regime, it is expected that there exist bulk anyons
localized inside the interferometer loop. There are
two regimes of Fabry-Perot interferometers, the pure
Aharonov-Bohm regime and the Coulomb dominated
regime. In the former regime, Coulomb interaction
between the bulk anyons and the edge of the inter-
ferometer is negligible, while it is crucial in the lat-
ter [25]. The Fabry-Perot interferometers of recent ex-
periments [17, 20–23] in the FQH regime are in the
Coulomb dominated regime. We below compute the in-
terference current ID3 in the presence of the Coulomb
interaction, and show that Eq. (6) is applicable to both
of the pure Aharonov-Bohm regime and the Coulomb
dominated regime.
For e∗V  kBT & ~vp/L, we numerically compute
I intD3 (∝ γ21γ2γ3) in Fig. 3, combining our theory with
the capacitive interaction model [25] that successfully de-
scribes thermally fluctuating bulk anyons and the inter-
action; see Supplementary Note 5. We find the gate-
voltage dependence of I intD3 ∝ cos(2piVG/VG,0 + θ) with
periodicity VG,0 in the Coulomb dominated regime, and
I intD3 ∝ cos(2piΦ/Φ0+θ) in the pure Aharonov-Bohm limit;
here the periodicity of the Φ dependence is Φ0 ≡ h/e
rather the period Φ∗0 of Eq. (5), because of the fluc-
tuation of the number of bulk anyons [9, 19]. In both
the regimes, the interference processes discussed before
(Fig. 2) appear in the same manner, hence, θ satisfies the
analytic expression in Eq. (6); cf. Fig. 3b.
How to measure the phase θ. Experimental mea-
surements of θ can be affected by possible side effects,
including the external-parameter (magnetic fields, gate
voltages, and bias voltages) dependence of the size,
shape, QPC tunneling, and bulk anyon excitations. Be-
low, we propose how to detect θ with avoiding the side
effects, utilizing the setup in Fig. 2a.
The phase θ is experimentally measurable, by com-
paring I intD3 with a reference current I
int
Ref, D3
. I intRef, D3
is measured at D3 in the same setup under the same
external parameters (temperature, gate voltages, mag-
netic field, etc) with I intD3 , but with applying infinitesimal
bias voltage Vref/2 to S2 and −Vref/2 to S3 and keeping
S1 and all Di’s grounded [9]; cf. Supplementary Note
4. In any regimes I intD3 shows the same interference pat-
tern with I intRef, D3 , but is phase-shifted from I
int
Ref, D3
by θ;
I intRef, D3 ∝ cos 2piVG/VG,0 (I intRef, D3 ∝ cos 2piΦ/Φ0) in the
Coulomb dominated (pure Aharonov-Bohm) limit. Im-
portantly, the side effects modify I intD3 and I
int
Ref, D3
in the
same manner, hence, the phase shift between the pat-
terns remains as θ.
The fractional statistics phase is directly and unam-
biguously identifiable in experiments, by observing θ →
piν at e∗V  kBT  ~vp/L with excluding the side
effects as above. Or, one applies the fit function of
arctan[A1/(1 + A2/T )] with fit parameters A1 and A2
to measured data of θ(T ), and extracts arctanA1 = piν
from the fit; cf. the second line of Eq. (6). Observation
of θ = piν or θ(T ) will suggest a strong evidence of anyon
braiding and topological bubbles.
The parameters in Fig. 3 are experimentally accessi-
ble [17, 20–23]. For the QPCs, there are constraints
(i) that the number of voltage-biased anyons injected
through QPC1 is at most one in the interferometer loop
at any instance (to ensure that the braiding phase of a
topological vacuum bubble is 2piν), (ii) that the anyon
tunneling probabilities at QPC2 and QPC3 are suffi-
ciently small (to ensure that the double winding of an
anyon along the interferometer loop is negligible), and
(iii) that anyon tunneling (rather than electron tunnel-
ing) occurs at the QPCs. The constraint (i) is satisfied
when the anyon tunneling probability at QPC1 is less
than ~vp/(2Le∗V ), which is about 0.05 under the param-
eters. To achieve the constraints (ii) and (iii), each tun-
neling probability of QPC2 and QPC3 is typically set to
be 0.4 in experiments [22, 29]; then the amplitude of the
5double winding is smaller than that of the single wind-
ing by the factor 0.4 exp(−2L/LT ) which is about 0.04
at 30 mK. With the constraints we estimate the ampli-
tude of I intD3 . (νe
2V/h)(~vp/(2Le∗V ))0.4 exp(−2L/LT ),
which is 1.5 pA at 30 mK and 0.6 pA at 40 mK under the
parameters. Note that θ = 0.9piν is reached at 30 mK
while θ = 0.95piν at 40 mK under the parameters. The
estimation is within a measurable range in experiments,
where current & 0.5 pA is well detectable [30].
We remark that the above strategy of detecting the
fractional statistics phase is equally applicable to the
more general quantum Hall regime [22] of filling factor
ν′ = ν + ν0, in which the edge channels from the in-
teger filling ν0 are fully transmitted through the QPCs
while the channel from the fractional filling ν forms the
interferometry in Fig. 2. For this case we compute I intD3
and I intRef, D3 , and find that in both of the pure Aharonov-
Bohm regime and the Coulomb dominated regime the
interference-pattern phase shift between them is identi-
cal to the phase θ of the ν0 = 0 case discussed in Eq. (6)
and Fig. 3; cf. Supplementary Note 5.
Certain anyonic vacuum bubbles involve topological
braiding and affect physical observables surprisingly, con-
trary to vacuum bubbles of bosons and fermions. They
can be detected with current experiment tools, which
will provide an unambiguous evidence of anyonic frac-
tional statistics. We expect that they are relevant also
for other filling fractions ν = p/(2np + 1), non-Abelian
anyons [17, 21], and topological quantum computation
setups [31].
Methods
Hamiltonian for the interferometer. We present
the Hamiltonian for the setup. We recall the chiral Lut-
tinger liquid theory for fractional quantum Hall edges.
The Hamiltonian H =
∑
iHedge,i +Htun for the inter-
ferometer in Fig. 2a consists of Hedge,i for edge channel
i and Htun for anyon tunneling at QPCs. Edge chan-
nel 1 is biased by V , and its Hamiltonian, employing the
bosonization [26] for chiral Luttinger liquids, is given by
Hedge,1 =
~vp
4piν
∫ ∞
−∞
dx : (∂xφ1(x))
2 : +e∗V Nˆ1. (7)
For the other unbiased channels, Hedge,i=2,3 =
(~vp/4piν)
∫∞
−∞ dx : (∂xφi(x))
2 :. Here, e∗ > 0, Nˆi is
the anyon number operator of channel i, and φi(x) is
the bosonic field of channel i at position x, which de-
scribes the plasmonic excitation of anyons. The tunnel-
ing Hamiltonian is Htun = T
→
1 + T
↓
2 + T
↓
3 + h.c.. T
→
1
is the operator from Edge channel 1 to 2 at QPC 1, T ↓2
from Edge 2 to 3 at QPC2, and T ↓3 from Edge 2 to 3 at
FIG. 4: Extended edge channel scheme. It is obtained
by connecting the edge channels of the setup in Fig. 2a. The
connection is represented by dashed arcs, while anyon propa-
gation direction and anyon tunneling at quantum point con-
tacts (QPCs) by arrows and dashed lines, respectively.
QPC3. These are written as
T→1 (t) = γ1Ψ
†
2(0, t)Ψ1(0, t), (8)
T ↓2 (t) = γ2e
−ipiΦ/Φ∗0Ψ†3(L, t)Ψ2(d, t), (9)
T ↓3 (t) = γ3e
ipiΦ/Φ∗0Ψ†3(0, t)Ψ2(d+ L, t), (10)
where Ψ†i (x, t) = F
†
i (t)e
−iφi(x,t)/
√
2pia creates an
(particle-like) anyon at position x and time t on Edge i,
a is the short-length cutoff, γi is the tunneling strength
at QPC i (chosen as real), and the Aharonov-Bohm flux
Φ enclosed by Edges i = 2, 3, QPC 2, and QPC3 is at-
tached to T ↓2 and T
↓
3 under certain gauge transformation;
the dynamical phase common to the all edge channels is
absorbed to 2piΦ/Φ∗0. The Klein factor F
†
i increases the
number of anyons on Edge i by one, and satisfies F †i Fi =
FiF
†
i = 1, [Ni, F
†
j ] = δijF
†
i , F1(t) = F1(0)e
−ie∗V t/~, and
[φi, Fj ] = 0.
The exchange rule in Eq. (1) is described by φi and Fi.
On Edge i, it is satisfied by
[φi(x1), φj(x2)] = ipiνδijsgn(x1 − x2). (11)
The exchange rule between anyons on different edges is
achieved with the commutators of Fi,
FiFj = FjFie
−ipiνsgn(i−j), F †i Fj = FjF
†
i e
ipiνsgn(i−j).
(12)
A conventional way [32] for obtaining the commutators
is to think of an extended edge connecting the differ-
ent channel segments with no twist (cf. Fig. 4). The
connection should preserve the chiral propagation direc-
tion of the channels. The exchange rule Ψ(x1)Ψ(x2) =
Ψ(x2)Ψ(x1)e
−ipiνsgn(x1−x2) of anyons of the extended
edge agrees with Eqs. (11) and (12).
We consider the regime of weak tunneling of anyons,
and treat Htun as a perturbation on
∑
iHedge,i. Per-
turbation theory is applicable [24] in the renormaliza-
tion group sense, when e∗V and kBT are higher than
Cγ1/(1−ν), C being a non-universal constant.
6The current ID3 is expressed as ID3 = ie
∗[N3, H] =
ie∗(T ↓2 − T ↑2 + T ↓3 − T ↑3 ). ID3 is decomposed, ID3 =
IdirD3 + I
int
D3
, into direct current IdirD3 ∝ γ21γ22 , γ21γ23 , and
interference current I intD3 ∝ γ21γ2γ3 depending on Φ (the
leading-order contribution). Equations (3) and (4) are
obtained by employing Keldysh Green’s function tech-
nique with semiclassical approximation; see Supplemen-
tary Note 1, 2 and 3.
Coulomb interaction. In presence of Coulomb in-
teraction between bulk anyons and edge channels, we
compute I intD3 , combining our chiral Luttinger liquid the-
ory with the capacitive interaction model [25] that suc-
cessfully describes the Coulomb dominated regime. The
interferometer Hamiltonian H =
∑
iHedge,i + Htun is
modified by the Coulomb interaction as
H →H + UbulkQ2bulk
+ UintQbulk
∫ L
0
dx(: ∂xφ2(x+ d) : + : ∂xφ3(x) :)
=
∑
i=1,2,3
~vp
4piν
∫ ∞
−∞
dx : (∂xφ¯i(x))
2 : +Hbulk +Htun.
(13)
Here, Qbulk = νBAarea/Φ0 + νNL − q¯ is the number
of the net charges localized within the interferometer
bulk (inside the interference loop), Aarea is the area of
the interferometer, NL is the net number of quasipar-
ticles minus quasiholes, and q¯ is the number of pos-
itive background charges induced by the gate voltage
applied to the interferometer. Uint is the strength of
Coulomb interaction between the charges of the inter-
ferometer edge and the charges localized in the inter-
ferometer bulk, and Ubulk is the strength of interaction
between the bulk charges. In the second equality of
Eq. (13), we introduce a boson field φ¯i for each Edge
i, φ¯i(x) = φi(x) +
2piν
~vp UintQbulk
∫ x
−∞Ki(x
′)dx′, where
K2(x) = 1 for d < x < d + L, K3(x) = 1 for 0 < x < L,
and Ki(x) = 0 otherwise. The second term of φ¯ describes
the charges− 2piν~vp UintQbulk induced per unit length by the
interaction. In Eq. (13), the Hamiltonian is quadratic in
φ¯i and has Hbulk = (Ubulk − 2piνL~vp U2int)Q2bulk. Note that
Ubulk − 2piνL~vp U2int > 0. The main interference signal I intD3
and the reference signal I intRef, D3 are computed, by taking
ensemble average over the thermal fluctuations ofNL (see
Supplementary Note 5).
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1SUPPLEMENTARY INFORMATION
Supplementary Figure 1 Integration contour for the terms of η1 = η2 = 1 and η1 = −η2 = 1 in Supplementary
Equation 3. Magenta lines represent the real-axis integral line, while the black line a proper contour for contour
integral in the complex plane of t. Dashed blue lines show branch-cut lines.
Supplementary Figure 2 Braiding phase of Type II process. (a) and (b), The two interfering paths of the Type
II process in Fig. 2. (c) and (d), Paths equivalent, respectively, to those in (a) and (b) in the gauge chosen in
parallel to the extended edge scheme in Fig. 4 of the main text. In the interference of the two paths (a) and (b), a
thermal anyon (whose trajectory is represented by dashed lines) excited at QPC2 or QPC3 effectively winds around a
voltage-biased anyon (solid line) injected from Edge 1 via QPC1. The effective winding results in the braiding phase
factor ζ∗aζb = e
i2piν . The phase factors ζa and ζb are derived from the commutation rules in Eqs. (11) and (12). For
the details, see the Supplementary Note 6.
Supplementary Note 1 : Green’s function. We provide the Green’s function of bosonic fields φi. It is defined
as
G(t, x) = 〈φi(t, x)φi(0, 0)〉 − 〈φi(0, 0)φi(0, 0)〉, (1)
where 〈· · · 〉 is the ensemble average under the bare Hamiltonian Hedge,i. The expression of G is known [1] as
Gβ(t, x) = −ν ln
[
sin(pi(τ0+i(t−x))/β)
piτ0/β
]
, where ~/τ0 is the infrared energy cutoff and we use vp ≡ 1 and β = (kBT )−1.
At zero temperature, G(x, t) = −ν ln(τ0 + i(t− x)/τ0).
To describe the non-equilibrium situation by the voltage V at edge 1, we use the Green’s function on the standard
Keldysh contour with Keldysh ordering TK . The contour has two branches, the upper one denoted by Keldysh index
η = 1 and the lower of η = −1. For two operators A and B on the upper branch, TK(AB) = AB if B is the earlier
event than A, and TK(AB) = BA otherwise; it is correct not to attach the phase factor for the exchange statistics
in the definition of Keldysh ordering [2]. For A and B on the lower, TK(AB) = BA if B is earlier than A, and
TK(AB) = AB otherwise. For A on the upper and B on the lower, TK(AB) = BA. For A on the lower and B on
the upper, TK(AB) = AB. The Keldysh Green’s function Gηη0(t, x) ≡ 〈TK [φi(tη, x)φi(0η0 , 0)]〉 − 〈φi(0, 0)φi(0, 0)〉 is
obtained as [2]
Gηη0(t, x) = −ν ln
sin (pi(τ0 + iχηη0(t)(t− x)) /β)
piτ0/β
, (2)
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2where χη1η2(t1 − t2) = [(η1 + η2)/2]sgn(t1 − t2)− (η1 − η2)/2 and η0 and η are Keldysh indexes.
Supplementary Note 2 : Perturbation theory. We compute the charge current ID3 at drain D3 by the voltage
V at edge 1 up to order γ21γ2γ3, employing perturbation theory and the Keldysh Green function in Supplementary
Equation 2. Hereafter, we occasionally use ω0 ≡ e∗V , β ≡ (kBT )−1, vp ≡ 1, and ~ ≡ 1.
The current ID3 is expressed as ID3 = ie
∗[N3, H] = ie∗(〈T ↓2 〉 − 〈T ↑2 〉 + 〈T ↓3 〉 − 〈T ↑3 〉). ID3 is decomposed, ID3 =
IdirD3 + I
int
D3
, into direct current IdirD3 ∝ γ21γ22 , γ21γ23 , and interference current I intD3 ∝ γ21γ2γ3 depending on Φ (the leading-
order contribution).
We focus on the contribution of 〈T ↓2 〉 onto I intD3 ∝ γ21γ2γ3, which is denoted by 〈T ↓,int2 〉. It is
〈T ↓,int2 〉 =
∑
η,η0η1η2=±1
ηη1η2
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2
∫ ∞
−∞
dt〈TK [T ↓2 (0η0)T→1 (tη11 )T←1 (tη22 )T ↑3 (tη)]〉.
〈TK [T ↓2 (0η0)T→1 (tη11 )T←1 (tη22 )T ↑3 (tη)]〉/γ21γ2γ3 is decomposed into two parts,
〈TK [Ψ†3(0η0 , L)Ψ2(0η0 , d)Ψ†2(tη11 , 0)Ψ1(tη11 , 0)Ψ†1(tη22 , 0)Ψ2(tη22 , 0)Ψ†2(tη, d+ L)Ψ3(tη, 0)]〉
=〈TK [e−iφ3(0η0 ,L)eiφ2(0η0 ,d)e−iφ2(t
η1
1 ,0)eiφ1(t
η1
1 ,0)e−iφ1(t
η2
2 ,0)eiφ2(t
η2
2 ,0)e−iφ2(t
η,d+L)eiφ3(t
η,0)]〉
× 〈TK [F †3 (0η0)F2(0η0)F †2 (tη11 )F1(tη11 )F †1 (tη22 )F2(tη22 )F †2 (tη)F3(tη)]〉.
We compute the former part, using the identity (valid when the Hamiltonian of B’s is quadratic) for bosonic operators
B’s, 〈TK [eB1(t1)eB2(t2)...eBn(tn)]〉 = e 12
∑n
j=1〈TK [Bj(tj)2]〉+
∑
i<j〈TK [Bi(ti)Bj(tj)]〉,
〈TK [e−iφ3(0η0 ,L)eiφ2(0η0 ,d)e−iφ2(t
η1
1 ,0)eiφ1(t
η1
1 ,0)e−iφ1(t
η2
2 ,0)eiφ2(t
η2
2 ,0)e−iφ2(t
η,d+L)eiφ3(t
η,0)]〉
= e2Gη1η2 (t1−t2,0)+Gη1η0 (t1,−d)−Gη1η(t1−t,−d−L)+Gη2η(t2−t,−d−L)−Gη2η0 (t2,−d)+Gηη0 (t,−L)+Gηη0 (t,L),
in which the Keldysh Green’s functions Gηη0 in Supplementary Equation 2 appear. The latter Klein-factor part is
〈TK [F †3 (0η0)F2(0η0)F †2 (tη11 )F1(tη11 )F †1 (tη22 )F2(tη22 )F †2 (tη)F3(tη)]〉
= e−iω0(t1−t2)
exp[ipiν{χη1η0(t1) + χη2η(t2 − t)}/2]
exp[ipiν{χη2η0(t2) + χη1η(t1 − t)}/2]
.
It is obtained, by using F1(t) = F1(0)e
−ie∗V t/~, F2(t) = F2(0), F3(t) = F3(0), F
†
i Fi = FiF
†
i = 1, and the exchange
statistics rule in Eq. (12). The final expression is
〈T ↓,int2 〉 = γ21γ2γ3
∑
η1,η2,η=±1
∫ 0
−∞
dt
∫ ∞
−∞
dt2
∫ ∞
−∞
dt1
η1η2ηe
−i2piΦ/Φ∗0e−iω0(t1−t2)(
β
pi sin(
pi
β (τ0 + iχη1η2(t1 − t2)(t1 − t2)))
)2ν
× 1(
β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν
×
(
sin(piβ (τ0 − iη1(t1 − t+ d+ L)))
)ν (
sin(piβ (τ0 − iη2(t2 + d)))
)ν
(
sin(piβ (τ0 − iη1(t1 + d)))
)ν (
sin(piβ (τ0 − iη2(t2 − t+ d+ L))
)ν .
Computing the other terms in the same way, we obtain
I intD3 = αγ
2
1γ2γ3
∑
η1,η2,η=±1
∫ ∞
−∞
dt
∫ ∞
−∞
dt2
∫ ∞
−∞
dt1
η1η2ηe
−i2piΦ/Φ∗0e−iω0(t1−t2)(
β
pi sin(
pi
β (τ0 + iχη1η2(t1 − t2)(t1 − t2)))
)2ν
× 1(
β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν
×

(
sin(piβ (τ0 − iη1(t1 − t+ d+ L)))
)ν (
sin(piβ (τ0 − iη2(t2 + d)))
)ν
(
sin(piβ (τ0 − iη1(t1 + d)))
)ν (
sin(piβ (τ0 − iη2(t2 − t+ d+ L))
)ν
 , (3)
3where α ≡ (e∗/~)a4ν/[(~vp)4ν(2pia)4]. Supplementary Equation 3 is written as I intD3 ∝ cos(2pi ΦΦ∗0 + θ) in Eq. (5),
θ = arg[
∑
η1,η2,η=±1
∫ ∞
−∞
dt
∫ ∞
−∞
dt2
∫ ∞
−∞
dt1
η1η2ηe
−iω0(t1−t2)(
β
pi sin(
pi
β (τ0 + iχη1η2(t1 − t2)(t1 − t2)))
)2ν 1(β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν
× 1(
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν
(
sin(piβ (τ0 − iη1(t1 − t+ d+ L)))
)ν (
sin(piβ (τ0 − iη2(t2 + d)))
)ν
(
sin(piβ (τ0 − iη1(t1 + d)))
)ν (
sin(piβ (τ0 − iη2(t2 − t+ d+ L))
)ν ]. (4)
We omit the expression of the direct-current part IdirD3 of ID3 (of the order of γ
2
1γ
2
2 and γ
2
1γ
2
3). The whole expression
of ID3 (up to the order of γ
2
1γ2γ3) is zero at V = 0, as expected.
Supplementary Note 3 : Semiclassical Approximation. We derive Eqs. (3), (4) and (6) in the main text,
by performing the integrals in Supplementary Equation 3 (or those in Supplementary Equation 4) in the semiclassical
regime of e∗V  kBT  ~vp/L.
In the semiclassical regime, the wave packet size of an injected anyon from S1 is W ∼ ~vp/(e∗V )  L, hence, the
anyon is thought of as particle-like (rather than wave-like). And the injection of hole-like anyons (induced by thermal
fluctuations) from S1 can be ignored. Thermally excited virtual anyons also have size much smaller than L. Then,
the braiding of the anyons results in the well-defined exchange statistics phase of piν.
In Supplementary Equation 3, there are 16 configurations of η1, η2, η, and . η1 and η2 (= ±1) are Keldysh indexes
for tunneling at QPC1, while η is for tunneling at QPC2 or QPC3.  = ±1 represents the winding direction of anyons
around Aharonov-Bohm flux Φ. The terms of Supplementary Equation 3 are classified, depending on whether η1 = η2.
In the regime of e∗V  kBT  ~vp/L, some terms of η1 6= η2 are represented by connected Feynman diagrams, and
contribute to Type I-1 and Type I-2. The other terms of η1 6= η2 and all the terms of η1 = η2 are represented by
vacuum bubbles.
Some of the vacuum bubbles of η1 6= η2 describe the virtual anyonic excitations winding around a real anyon
injected from S1 (similarly to Fig. 1a in the main text). Each of such bubble diagrams has a partner diagram among
the terms of η1 = η2, in which a vacuum bubble does not wind around the real anyon (similarly to Fig. 1b in the
main text); each of the diagrams of η1 = η2 is decomposed into two disconnected and independent subdiagrams, one
describing the real anyon, and the other for the virtual anyonic excitations not winding around the real anyon. A
bubble diagram of η1 6= η2 winding around a real anyon, and its partner diagram of η1 = η2 cancel each other. The
cancellation is only partial, resulting in the interference current of Type II and Type III in Eqs. (3) and (4), and
disobeying the linked cluster theorem; the cancellation is exact in the case of bosons or fermions. Note that there
are the terms of η1 6= η2 not involving any braiding effect between real anyons and virtual anyons. These terms show
divergence, but are fully canceled by their partner diagrams of η1 = η2, satisfying the linked cluster theorem.
We now further compute Supplementary Equation 3 in the limit of e∗V  kBT  ~vp/L. For example,
the term of (η1 = η2 = ±1,  = 1) in Supplementary Equation 3 = 2αγ21γ2γ3
∑
η,η1
η
∫ ∞
−∞
dt
∫ ∞
−∞
dt˜
∫ ∞
−∞
dT˜
× e
−i2piΦ/Φ∗0e−iω02t˜(
β
pi sin(
pi
β (τ0 + iη1sgn(t˜)2t˜)))
)2ν (
β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν
×

(
sin(piβ (τ0 − iη1(T˜ + t˜− t+ d+ L)))
)ν (
sin(piβ (τ0 − iη1(T˜ − t˜+ d)))
)ν
(
sin(piβ (τ0 − iη1(T˜ + t˜+ d)))
)ν (
sin(piβ (τ0 − iη1(T˜ − t˜− t+ d+ L))
)ν

' 2αγ21γ2γ3
∑
η,η1
η
∫ ∞
−∞
dt
∫ ∞
−∞
dT˜
∫
C
dt˜
×
e−i2piΦ/Φ
∗
0e−iω02t˜
[
1 + 2piνβ t˜ sgn(t− L)
{
sgn(T˜ − t+ d+ L)sgn(T˜ + d)− 1
}]
(
β
pi sin(
pi
β (τ0 + iη1sgn(t˜)2t˜))
)2ν (
β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν
In the first equality, we put t˜ = (t1 − t2)/2 and T˜ = (t1 + t2)/2 into Supplementary Equation 3. In the second, we
change the integral range of T˜ from T˜ ∈ (−∞,∞) to T˜ ∈ (−∞ + iη1β/2,∞ + iη1β/2) using the contour shown in
4Supplementary Figure 1a, and that of t˜ from t˜ ∈ (−∞,∞) to the vertical parts C near Re(t˜) = 0 of the contour in
Supplementary Figure 1b. Note that the integral of t˜ along the horizontal black line of Supplementary Figure 1b is
negligible in the limit of e∗V  kBT  ~vp/L. Then
Sum of the (η1 = η2 = 1,  = 1) term and the (η1 = η2 = −1,  = 1) term
' αγ21γ2γ3
∫ ∞
−∞
dt
∫ ∞
−∞
dT˜
[
1 +
2piiν(1− 2ν) sgn(t− L)
ωβ
{
sgn(T˜ − t+ d+ L)sgn(T˜ + d)− 1
}]
×
∑
η
η
A1e
−i2piΦ/Φ∗0(
β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν , (5)
where A1 =
∫∞
−∞ dt˜e
−iω0 t˜
(
β
pi sin(
pi
β (τ0 − it˜)
)−2ν
' 2piΓ(2ν)ω2ν−10 and Γ(2ν) is the Gamma function. The divergence of
Supplementary Equation 5 is fully canceled by some terms of η1 6= η2. Next, we consider
the term of (η1 = 1, η2 = −1,  = 1) = 2αγ21γ2γ3
∑
η
(−η)
∫ ∞
−∞
dt
∫ ∞
−∞
dT˜
∫ ∞
−∞
dt˜
× e
−i2piΦ/Φ∗0e−iω02t˜(
β
pi sin(
pi
β (τ0 − i2t˜))
)2ν (
β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν
×

(
sin(piβ (τ0 − i(T˜ + t˜− t+ d+ L)))
)ν (
sin(piβ (τ0 + i(T˜ − t˜+ d)))
)ν
(
sin(piβ (τ0 − i(T˜ + t˜+ d)))
)ν (
sin(piβ (τ0 + i(T˜ − t˜− t+ d+ L))
)ν

' αγ21γ2γ3
∫ ∞
−∞
dt
(
−A22eipiνsgn(t−L) −A22eiω0(t−L) −A1
∫ ∞
−∞
dT˜ e−ipiν(sgn(T˜−t+d+L)−sgn(T˜+d))
×
[
1 +
2piiν(1− 2ν) sgn(t− L)
ωβ
{
sgn(T˜ − t+ d+ L)sgn(T˜ + d)− 1
}])
×
∑
η
η
e−i2piΦ/Φ
∗
0(
β
pi sin(
pi
β (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν . (6)
Here A2 =
∫∞
−∞ dte
−iω0t
(
β
pi sin(
pi
β (τ − it))
)−ν
' 2piΓ(ν)ων−10 , t˜ = (t1 − t2)/2, and T˜ = (t1 + t2)/2. The integral over t˜ is
done in the regime of e∗V  kBT , using the contour in Supplementary Figure 1c.
The terms of (η1 = 1, η2 = −1,  = 1) with coefficient A2 in Supplementary Equation 6 describe Types I-1 and I-2,
which have no counterpart in the terms of η1 = η2. The divergence of some terms with coefficient A1 in Supplementary
Equation 6 is fully canceled by the corresponding terms of η1 = η2. The remaining terms with A1 are partially canceled
by the corresponding terms of η1 = η2, describing Types II and III. Indeed, the difference of the terms with A1 between
Supplementary Equations 5 and 6 is proportional to
−A1
∫ ∞
−∞
dT˜
(
e−ipiν(sgn(T˜−t+d+L)−sgn(T˜+d)) − 1
)
×
[
1 +
2piiν(1− 2ν) sgn(t− L)
ωβ
{
sgn(T˜ − t+ d+ L)sgn(T˜ + d)− 1
}]
= −2iA1(t− L)eipiνsgn(t−L)
[
1 +
2piiν(1− 2ν) sgn(t− L)
ωβ
]
sinpiν.
The difference is proportional to sinpiν, and describes the topological vacuum bubbles corresponding to the braiding
discussed in Fig. 1 and Eqs. (3) and (4). The term of η1 = −1, η2 = 1, and  = 1 describes the injection of hole-like
anyons from edge 1 to edge 2, and is negligible in our regime of e∗V  kBT . The terms with  = −1 are obtained in
the same way, as they are for the processes of winding Φ in the opposite direction to those of  = 1.
5Now we collect all the terms of I intD3 ,
I intD3 = αγ
2
1γ2γ3
∑
η
(−η)
∫ ∞
−∞
dt
1(
β
pi sin(
β
pi (τ0 − iη(t+ L)))
)ν (
β
pi sin(
pi
β (τ0 − iη(t− L)))
)ν
×[(−2i sin(piν)A1{1 + f(t)}eipiνsgn(t−L)(t− L)−A22eipiνsgn(t−L) −A22eiω0(t−L))e−i2piΦ/Φ
∗
0
− (2i sin(piν)A1{1− f(t)}e−ipiνsgn(t−L)(t− L)−A22e−ipiνsgn(t−L) −A22e−iω0(t−L))ei2piΦ/Φ
∗
0 ], (7)
where f(t) = 2piiν(1−2ν) sgn(t−L)ωβ . The integral of t is further computed for kBT  ~vp/L; we use
β
pi sin(
pi
β (τ0 − it)) ' −isgn(t) β2pi e
pi
β |t| for t  β, ∫ 0−∞ dtepiνt/β (βpi sin(βpi (τ0 + it)))−ν = ( 2piβ )ν β2pi eipiν/2pi csc(piν), and∫ 0
−∞ dte
piνt/βt
(
β
pi sin(
β
pi (τ0 + it))
)−ν
= ( 2piβ )
ν( β2pi )
2pieipiν/2(ψ(1) − ψ(ν)) csc(piν), where ψ(x) is the polygamma func-
tion. The integration leads to Eq. (3),
II-1D3 =
16pi3(2pi)να
Γ(ν)3
γ21γ2γ3(e
∗V )3ν−3(kBT )ν cos(e∗V L/~vp − piν/2)
× e−2L/LT cos(2piΦ/Φ∗0 + e∗V L/~vp),
II-2D3 = −
8pi(2pi)2να
νΓ(ν)2
γ21γ2γ3(e
∗V )2ν−2(kBT )2ν−1e−2L/LT sin2 piν cos(2piΦ/Φ∗0),
IIID3 =
4(2pi)2νpiα csc(piν)
Γ(2ν)
γ21γ2γ3(e
∗V )2ν−1(kBT )2ν−1
√
1 + h1(T/V )
2L+ CLT
~vp
× e−2L/LT sin2 piν cos(2piΦ/Φ∗0 + piν + h2(T/V )),
IIIID3 =
4(2pi)2νpiα csc(piν)
Γ(2ν)
γ21γ2γ3(e
∗V )2ν−1(kBT )2ν−1
√
1 + h1(T/V )
CLT
~vp
× e−2L/LT sin2 piν cos(2piΦ/Φ∗0 − piν − h2(T/V )),
where C ' ν[ψ(ν) − ψ(1)]/2, α ≡ (e∗/~)a4ν/[(~vp)4ν(2pia)4], and a is the short-length cutoff; C = 0.43 for ν = 1/3
and C → 0.5 as ν → 0. Note that f(t) ∝ kBT/ω in Supplementary Equation 7 leads to the higher-order corrections
of h1(T/V ) ≡
(
2piνkBT
e∗V
)2
and h2(T/V ) ≡ (1− 2ν) arctan(2piνkBTe∗V ). These corrections are ignored in Eqs. (3) and (4),
considering the limit e∗V  kBT , while they are included in Eq. (6) for better comparison with the numerical result
in Fig. 3.
Supplementary Note 4 : Reference signal. In the main text, we suggest to measure a reference interference
signal I intRef, D3 , by applying infinitesimal voltage Vref/2 at source S2 and −Vref/2 at S3, but turning off the voltage V
at S1. It is obtained [3] up to the lowest order in γ’s,
I intRef, D3 '
e∗
~
γ2γ3 a
2ν
(~vp)2ν(2pia)2
e∗Vref(kBT )2ν−2e−2L/LT cos
2piΦ
Φ∗0
for kBT  e∗Vref. (8)
Since the reference signal I intRef, D3 and the main interference signal I
int
D3
are obtained from the same setup under the
same external parameters (temperature, gate voltage, magnetic field, etc), the possible side effects affecting the main
signal, including the external-parameter dependence of the size, shape, QPC tunneling, and anyon excitations of the
interferometry, appear in the reference in the same manner. Therefore, by comparing the reference with the main
signal, one can exclude the side effects and unambiguously detect the interference phase shift θ in Eq. (6), hence, the
fractional statistics. This strategy works well both in the pure Aharonov-Bohm regime and the Coulomb-dominated
regime.
6Supplementary Note 5 : Coulomb dominated regime. We discuss about the Coulomb interaction between
the edge and the bulk of the interferometry. There are two regimes of Fabry-Perot interferometry, the pure Aharonov-
Bohm regime and the Coulomb dominated regime. In the former regime, the interaction is negligible, while it is
crucial in the latter [4]. The Fabry-Perot interferometers of recent experiments [5–9] in the fractional quantum Hall
regime are in the Coulomb dominated regime. We below compute the interference current I intD3 in the presence of the
Coulomb interaction, and show that Equation (6) of the main text is applicable to both of the pure Aharonov-Bohm
regime and the Coulomb dominated regime. We then generalize this to the quantum Hall regime of filling factor
ν′ = ν + ν0 where ν = 1/(2n+ 1) and ν0 is a nonzero integer.
We compute I intD3 , combining our chiral Luttinger liquid theory with the capacitive interaction model [4] that
successfully describes the Coulomb dominated regime. The interferometer Hamiltonian H =
∑
iHedge,i + Htun is
modified by the Coulomb interaction as
H → H + UintQbulk(
∫ d+L
d
dx : ∂xφ2(x) : +
∫ L
0
dx : ∂xφ3(x) :) + UbulkQ
2
bulk
=
∑
i=1,2,3
~vp
4piν
∫ ∞
−∞
dx : (∂xφ¯i(x))
2 +Hbulk +Htun. (9)
Here, Qbulk = νBAarea/Φ0 +νNL− q¯ is the number of the net charges localized within the interferometer bulk (inside
the interference loop), Aarea is the area of the interferometer, NL is the net number of quasiparticles minus quasiholes,
and q¯ is the number of positive background charges induced by the gate voltage applied to the interferometer. Uint
is the strength of Coulomb interaction between the charges of the interferometer edge and the charges localized in
the interferometer bulk, and Ubulk is the strength of interaction between the bulk charges. In the second equality of
Supplementary Equation 9, we introduce a boson field φ¯i for each edge i, φ¯i(x) = φi(x)+
2piν
~vp UintQbulk
∫ x
−∞Ki(x
′)dx′,
where K2(x) = 1 for d < x < d + L, K3(x) = 1 for 0 < x < L, and Ki(x) = 0 otherwise. The second term of
φ¯ describes the charges − 2piν~vp UintQbulk induced per unit length by the interaction. In Supplementary Equation 9,
the Hamiltonian is quadratic in φ¯i and has Hbulk = (Ubulk − 2piνL~vp U2int)Q2bulk. Note that Ubulk − 2piνL~vp U2int > 0. The
Keldysh Green’s function of φ¯i is identical to that of φi in Supplementary Equation 2.
Repeating the calculation for the case of Uint = Ubulk = 0 and NL = 0, we compute the main interference signal
I intD3 and the reference signal I
int
Ref, D3
. The reference signal is written as
〈I intRef, D3〉 ∝ Re
[∑∞
NL=−∞ e
−βHbulk exp(−i2pi(νBAarea/Φ0 + νNL) + i2pi νUint2L~vp Qbulk)∑∞
NL=−∞ e
−βHbulk
]
. (10)
Here, exp(−i2piνNL) counts the phase 2piνNL by the braiding of an interfering anyon around the anyons of the
interferometer bulk, and
∑
NL
· · · is for the ensemble average over thermal fluctuations of NL. Substituting Qbulk =
νBAarea/Φ0 + νNL − q¯, we obtain
〈I intRef, D3〉 ∝e
−pi2
(
1− 2νL~vp Uint
)2
β(Ubulk− 2piνL~vp U
2
int
)
Re
[
e−i2piq¯Θ3(piBAareaΦ0 −
piq¯
ν +
ipi2
(
1− 2νL~vp Uint
)
βν
(
Ubulk− 2piνL~vp U2int
) , exp( −pi2β−1ν−2
(Ubulk− 2piνL~vp U2int)
))
]
Θ3(
piBAarea
Φ0
− piq¯ν , exp( −pi
2β−1ν−2
(Ubulk− 2piνL~vp Uint)
))
. (11)
Θ3(z, q) = 1 + 2
∑∞
n=1 q
n2 cos(2nz) is the Jacobi theta function and obeys Θ3(z, q) = Θ3(z + pi, q). In the Coulomb
dominated regime of ~vp/(2νL) ' Uint, I intRef, D3 is independent of the magnetic field B, as Θ3’s in the numerator and
the denominator cancel each other. In the pure Aharonov-Bohm regime, I intRef, D3 is a periodic function of B with
periodicity Φ0/Aarea.
On the other hand, I intRef, D3 shows periodic oscillations as a function of the gate voltage in both the regimes, since
q¯ and Aarea depend on the gate voltage. To see this, we write I
int
Ref, D3
as
〈I intRef, D3〉 ∝
Re
[
Θ3(
(
piα¯− piγ¯ν
)
VG +
ipi2
(
1− 2νL~vp Uint
)
βν
(
Ubulk− 2piνL~vp U2int
) , exp( −pi2β−1ν−2
(Ubulk− 2piνL~vp U2int)
))e−i2piγ¯VG
]
Θ3(
(
piα¯− piγ¯ν
)
VG, exp(− pi2β−1ν−2(Ubulk− 2piνL~vp Uint) ))
, (12)
where γ¯ ≡ dq¯dVG and α¯ ≡ BΦ0 dAareadVG . The oscillation period is 1/γ¯ (= VG,0) in the Coulomb dominated regime of
Uint ' ~vp/(2νL) and also in the pure Aharonov-Bohm regime of Uint ' 0 and βUbulk  1. All these results are in
good agreement with the previous result in [4].
7And we obtain the main interference signal I intD3 , combining Supplementary Equation 3 and the ensemble average
over thermal fluctuations of NL which is considered in Supplementary Equation 10,
〈I intD3 〉 ∝
Re
[
e−i2piq¯e−iθΘ3(piBAareaΦ0 −
piq¯
ν +
ipi2
(
1− 2νL~vp Uint
)
βν
(
Ubulk− 2piνL~vp U2int
) , exp( −pi2β−1ν−2
(Ubulk− 2piνL~vp U2int)
))
]
Θ3(pi
piBAarea
Φ0
− piq¯ν , exp(− pi
2β−1ν−2
(Ubulk− 2piνL~vp Uint)
))
, (13)
Notice that Supplementary Equation 13 is identical to Supplementary Equation. 11 except e−iθ. We find that the
phase shift θ in Supplementary Equation 13 satisfies the expression in Supplementary Equation 4, hence, follows
Equation (6) (see the main text) in the semiclassical regime of e∗V  kBT & ~vp/L. Supplementary Equations 11,
12, and 13 are used for drawing Fig. 3.
The phase θ results from the topological vacuum bubbles. θ is detectable both in the Coulomb dominated regime
and the pure Aharonov-Bohm regime. In the Coulomb dominated regime of Uint ' ~vp/(2νL), I intD3 ∝ Re[e−i2piγ¯VGe−iθ]
and I intRef, D3 ∝ Re[e−i2piγ¯VG ] are independent of the magnetic field. In this case, the interference pattern of I intD3 is
shifted by θ from that of I intRef, D3 as the gate voltage VG varies. On the other hand, in the pure Aharonov-Bohm regime
of Uint ' 0 and when βUbulk  1, I intD3 ∝ Re[e−iθe−i(2piBAarea/Φ0−2piq¯/ν)] and I intRef, D3 ∝ Re[e−i(2piBAarea/Φ0−2piq¯/ν)].
Note that the period of the magnetic-field dependence is determined by Φ0 ≡ h/e, rather than the anyon flux quantum
Φ∗0 = h/e
∗, because the change of NL (the net number of anyonic quasiparticles minus anyonic quasiholes localized
inside the interferometry loop) is allowed in the model of Supplementary Equation 9; see Ref. [3, 10]. In this case, the
interference pattern of I intD3 is shifted by θ from that of I
int
Ref, D3
, as either the magnetic field or the gate voltage varies.
The Coulomb interaction parameters chosen for the left panel of Fig. 3a are Ubulk = 10~vp/(2νL) and Uint =
0.1~vp/(2νL), while Ubulk = 10~vp/(2νL) and Uint = 0.9~vp/(2νL) for the right panel.
Next, we consider a more general quantum Hall regime of filling factor ν′ = ν + ν0 where ν = 1/(2n + 1) and ν0
is a nonzero integer, focusing on the situation that the edge channels from the integer filling ν0 are fully transmitted
through the QPCs while those from the fractional filling ν participate in the Fabry-Perot interference as in Fig 2. As
shown below, the presence of the edge channels from the integer filling ν0 does not modify our main finding. Namely,
in this case the interference-pattern phase shift between I intRef, D3 and I
int
D3
is identical to the phase θ of the ν0 = 0 case
discussed in Equation (6) of the main text.
The Hamiltonian of this more general situation is the same as that in Supplementary Equation 9 but with the
replacement of Qbulk = νBAarea/Φ0 +νNL− q¯ into Qbulk = ν′BAarea/Φ0 +νNL− q¯. The replacement ν → ν′ = ν+ν0
counts the fact that the total amount of electron changes occupying the Landau levels of the interferometer bulk region
is now ν′BAarea/Φ0. In the same way as before (see Supplementary Equation 10), we obtain the reference signal
〈I intRef, D3〉 ∝e
−pi2
(
1− 2νL~vp Uint
)2
β(Ubulk− 2piνL~vp U
2
int
)
Re
[
ei2pi(
ν0BAarea
Φ0
−q¯)Θ3(ν
′piBAarea
νΦ0
− piq¯ν +
ipi2
(
1− 2νL~vp Uint
)
βν
(
Ubulk− 2piνL~vp U2int
) , exp( −pi2β−1ν−2
(Ubulk− 2piνL~vp U2int)
))
]
Θ3(
ν′piBAarea
νΦ0
− piq¯ν , exp( −pi
2β−1ν−2
(Ubulk− 2piνL~vp Uint)
))
.
(14)
We first discuss the magnetic-field dependence of the reference signal. In the Coulomb dominated regime of Uint '
~vp/(2νL), the reference signal becomes I intRef, D3 ∝ Re[e2pii(ν0BAarea/Φ0−q¯)], showing magnetic-field dependent oscilla-
tions with the period determined by ν0. This result coincides with an expression obtained with a capacitive interaction
model in Ref. [4]; cf. Eqs. (24) and (25) of Ref. [4]. In the pure Aharonov-Bohm regime of Uint ' 0 and when βUbulk 
1, the reference signal becomes I intRef, D3 ∝ Re[e2pii(ν0BAarea/Φ0−q¯)(1 + 12 exp(
pi2(2ν−1)
βν2Ubulk
)e−2pii(ν
′BAarea/(νΦ0)−q¯/ν))]. This
also agrees with Ref. [4]; cf. the two dominant terms of Eq. (24) in Ref. [4]. For the integer quantum Hall regime
of (ν′, ν0) = (2, 1), this expression becomes I intRef, D3 ∝ Re[e−2piiBAarea/Φ0 ], which agrees with the experimental data in
Ref. [8] for Aharonov-Bohm oscillations in the Fabry-Perot interferometry in the bulk filling factor ν′ = 2 and with
one fully transmitting channel (ν0 = 1). Next, we discuss the gate-voltage dependence of the reference signal. The
gate-voltage dependent part of the reference signal becomes I intRef, D3 ∝ Re[e−i2pi(γ¯−ν0α¯)VG ] in the Coulomb dominated
regime of Uint ' ~vp/(2νL), and I intRef, D3 ∝ Re[e−2pii(γ¯−ν0α¯)VG(1 + 12 exp(
pi2(2ν−1)
βν2Ubulk
)e−2pii(ν
′α¯VG/ν−γ¯VG/ν))] in the pure
Aharonov-Bohm regime of Uint ' 0 and βUbulk  1. The gate-voltage dependences are again in good agreement with
Ref. [4].
8We also obtain the main interference signal I intD3 for the general case of ν
′ = ν + ν0,
〈I intD3 〉 ∝
Re
[
ei2pi(
ν0BAarea
Φ0
−q¯)e−iθΘ3(ν
′piBAarea
νΦ0
− piq¯ν +
ipi2
(
1− 2νL~vp Uint
)
βν
(
Ubulk− 2piνL~vp U2int
) , exp( −pi2β−1ν−2
(Ubulk− 2piνL~vp U2int)
))
]
Θ3(
ν′piBAarea
νΦ0
− piq¯ν , exp( −pi
2β−1ν−2
(Ubulk− 2piνL~vp Uint)
))
. (15)
Again as in the previous case of ν0 = 0, Supplementary Equation 15 is identical to Supplementary Equation 14
except e−iθ, and the phase shift θ satisfies the expression in Eq. (6) (see the main text) in the semiclassical regime of
e∗V  kBT & ~vp/L. Therefore, θ is detectable also in the general case of ν′ = ν + ν0 from the phase shift between
the reference signal and the main signal.
Supplementary Note 6 : Discussion about Eqs. (3) and (4). We discuss Equations (3) and (4) of the main
text, focusing on the physical interpretation of Type II which involves topological vacuum bubbles. We repeat the
expression for Type II in Eq. (3),
IIID3 ∝ γ21γ2γ3(e∗V )2ν−1(kBT )2ν−1
2L+ CLT
~vp
e−2L/LT sin2 piν cos(2piΦ/Φ∗0 + piν),
The factors (e∗V )2ν and (kBT )2ν arise from the tunneling of an anyon biased by e∗V and that of a thermally excited
anyon, respectively. Other factors (e∗V )−1, (kBT )−1, and e−2L/LT describe the reduction of wave packet overlap,
hence the reduction of interference amplitude. In particular the last one, e−2L/LT , is the well-known dephasing factor.
The factor 2L+ CLT comes from the phase space for anyon braiding of Type II. In the factor of sin
2 piν, one power,
sinpiν, originates from the braiding phase 2piν and the vacuum bubble effect (see Supplementary Figure 2 and the
next paragraph), while the other sinpiν originates from the exchange between two thermally excited anyons. The
other expressions of Types I-1, I-2, and III in Eq. (4) can be understood in a similar way.
We below explain how the braiding phase 2piν effectively occurs in Type II process.
• The two interfering paths of a Type II process are shown in Supplementary Figures 2a and b.
• A gauge describing the exchange-statistics phase of anyons between different edges (Edges 2 and 3) is chosen
for tunneling operators at QPC2 and QPC3, as shown in Equation (12) of the main text. We choose the gauge
in parallel to the extended edge scheme in Fig. 4 of the main text.
• When the particle-like “virtual” anyon thermally excited on Edge 2 at QPC2 jumps to Edge 3 (see Supplementary
Figure 2a), it gains the exchange-statistics phase factor ζa = e
−ipiν as its location is exchanged with the voltage-
biased “real” anyon injected from Edge 1; see Supplementary Figure 2c. In the same gauge, the particle-like
“virtual” anyon thermally excited on Edge 2 at QPC3 in Supplementary Figure 2b gains no exchange-statistics
phase factor, when it jumps to Edge 3.
• After the jump, the spatial ordering of anyons on Edge 2 is different between Supplementary Figures 2a and b.
For the paths 2a and b to interfere, the anyons (the particle-like real anyon and the hole-like virtual anyon) for
example in Supplementary Figure 2b must be exchanged as in Supplementary Figure 2d, for them to have the
same spatial ordering as Supplementary Figure 2a. This results in another exchange-statistics phase factor of
ζb = e
ipiν shown in Supplementary Figure 2d.
• The two factors lead to the winding phase factor ζ∗aζb = ei2piν in the interference signal.
• The phase factors ζa and ζb are derived from the commutation rules in Eqs. (11) and (12).
We further discuss Eqs. (3) and (4). The phase shift e∗V L/~vp in II-1D3 ∝ cos(2piΦ/Φ∗0 + e∗V L/~vp) originates from
the average of dynamical phase 2kL over the energy window of e∗V , where ~k is anyon momentum. II-2D3 is proportional
to cos(2piΦ/Φ∗0) without the shift ∝ e∗V . It is because Type I-2 is the interference between the anyon of energy e∗V
injected from S1 and a thermally excited anyon so that the energy window for the average of the dynamical phase is
determined by min{e∗V, kBT} = kBT . IIID3 ∝ cos(2piΦ/Φ∗0 + piν) and IIIID3 ∝ cos(2piΦ/Φ∗0 − piν) do not have the phase
shift ∝ e∗V , because the interference occurs by thermally excited anyons.
We point out that the phase shift θ is well described by Eq. (6) (see the main text) in the regime of e∗V  kBT, ~vp/L
(beyond e∗V  kBT  ~vp/L). It is because Types II and III share the common physics except only for the phase
space (2L+ CLT and CLT , respectively) for anyon braiding.
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